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x/^ . 1. Introduction 

' Consider the following eigenvalue problem 

/'(l) = A/(-l), 

X' -/'(-1) = A/(1). 

' Lengthy but straightforward calculations show the following: there exist an infinite 

number of simple nonzero eigenvalues which accumulate at both — oo and +oo; 
the number is also an eigenvalue with geometric multiplicity 1 and algebraic 
multiplicity 2. Details can be found at the second author's web-site. It is natural 
to consider this problem in the Hilbert space L2(— 1, 1) ffiC^. To our knowledge the 
following related question, which presents interesting mathematical challenges, has 
not been addressed. Is it possible to select eigenvectors of the eigenvalue problem 
to form a Riesz basis of the above Hilbert space? In this article we answer such 
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questions for a wide class of indefinite Sturm-Liouville problems with A-dependent 
boundary conditions. In particular, our Theorem 15.21 applies to the above simple 
example. 

We consider a regular indefinite Sturm-Liouville eigenvalue problem of the 

form 

~ipf'Y + qf = Xrf on [-1,1]- (1.1) 
We assume throughout that the coefficients 1 /p, q, r in (jl.ip are real and integrable 
over [—1,1], p{x) > 0, and xr{x) > for almost all x G [—1,1]. We impose the 
following eigenparameter dependent boundary conditions on equation (jl.ip : 

Mb(/) = ANb(/), (1.2) 

where M and N are 2x4 matrices and the boundary mapping b is defined for all 
/ in the domain of (|l.ip by 

b(/)=[/(-l) /(I) (p/')(-l) ipfrnV- 
For our opening example 
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We remark that more general boundary conditions have been studied by 
many authors, recently for example in and [J, but expansion theorems were 
not considered. Expansion theorems for polynomial boundary conditions and more 
general operators, but with weight r = 1, were given in [11] and [20]. 

In this article we study the problem (|l.ip . (|1.2p in an operator theoretic 
setting established in [5]. Under Condition 12.11 below, a definitizable self-adjoint 
operator A in the Krein space L2.r(— 1,1) ® (actually A is quasi-uniformly 
positive as defined in [TU]) is associated witli tlie eigenvalue problem p.ip . p.2p . 
Here A is a 2 x 2 nonsingular Hermitean matrix whicli is determined by M and N ; 
see Section [2] for details. We remark that the topology of this Krein space is that 
of tlie corresponding Hilbert space i2,|r-| ®C^^|. Here, and in the rest of the paper, 
we abbreviate L2,r(— 1, 1) to L2^r and L2,|rl(— 1, 1) to L2.\r\- For more details about 
Krein spaces and their operators see the standard reference [14] and [1] for recent 
developments. 

Our main goal in this paper is to provide sufRcient conditions on the coeffi- 
cients in (|l.ip . (|1.2p under which there is a Riesz basis of the above Hilbert space 
consisting of the union of bases for all the root subspaces of the above operator 
A. This will be referred to for the remainder of this section as the Riesz basis 
property of A. We remark that the Riesz basis property of A is equivalent, modulo 
a finite dimensional subspace, to similarity of ^ to a self-adjoint operator in a 
Hilbert space. The latter similarity has been the subject of several recent papers 
(see for example [15j and |16p involving Sturm-Liouville expressions on R without 
boundary conditions. 

Existence of Riesz bases and expansion theorems with a stronger topology, 
but in a smaller space corresponding to tlie form domain of the operator A (which 
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in our case is a Pontryagin space), have been considered by many authors; see 
[SJHTj and the references there. The results in |5] turned out to be independent of 
the number and the nature of the boundary conditions and the coefficients p and 
r. In contrast, the Riesz basis property depends nontrivially on the problem data 
even for the case when the boundary conditions are A-indcpendcnt (corresponding 
to N — in our notation). 

Sufhcient conditions on r (near the turning point 0) for the Riesz basis prop- 
erty when N = can be found in [1 [SI [H [H [HI [H] , for example. That some 
condition is necessary, even in the case p = 1, was shown by Volkmer [22j who 
proved the existence of an odd r for which the Dirichlet problem p.ip does not 
have this property. Recently Parfenov |17| gave a necessary and sufficient condition 
on an odd weight function r, near its turning point 0, for the Dirichlet problem 
(|l.ip to have the Riesz basis property. In [6] we constructed an odd r for which the 
Dirichlet problem has the Riesz basis property but the anti-periodic problem 
does not. This example shows that an additional condition on r near the boundary 
of [—1, 1] (which in some cases behaves as a second turning point, in addition to 
0, for (|l.ip ) is needed for the general case of (|1.2[) . Such conditions are given in 
[9] for A-independent boundary conditions and in [7] for exactly one A-dcpendent 
boundary condition (i.e., when N has rank 1). 

In this paper we consider the more difficult case of two A-dependent boundary 
conditions. The method we use has its origins in the work of Beals [2] . Subsequently 
it was developed in [8] into a criterion (given below as Theorem l2.2p equivalent to 
the Riesz basis property of A. This criterion involves a positive homeomorphism W 
of the Krein space L2.r ® C\ with the form domain of A as an invariant subspace. 
The explicit description of the form domain of A (given in Section [J) depends 
entirely on the number k G {0, 1, 2} of boundary conditions which do not include 
derivatives in the A-tcrms. We call such boundary conditions essential. Note that 
this differs from the usual terminology for A-independent conditions. For example, 
in our terminology y'{l) = Ay(l) is an essential boundary condition. 

The direct sum structure of the Krein space L2.r © naturally leads us 
to consider the homeomorphism W as a, block operator matrix, the top left entry 
Wii being an operator on L2,r- Since it is clear from Section [5] that the functional 
components of the vectors in the form domain of A are (absolutely) continuous, 
we see that Wn induces a boundary matrix B satisfying 



B 







"(I¥n/)(-l)" 


. /(I) . 




. (W^ii/)(1) . 



An important hurdle, with analogues in several of above references, is to solve the 
inverse problem of finding a suitable Wn for a given matrix B. For example, in 
[7] (see also Section [3] below) such operators Wn were constructed with special 
diagonal B under one-sided Beals type conditions at —1 or 1. In Section [3| we use 
conditions at —1, at 1, and a condition connecting —1 and 1 to produce Wn with 
an arbitrary prescribed boundary matrix B. 
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In Sections \5\ and [6] we complete the construction of W, thus establishing 
our sufficient conditions for the Riesz basis property. When there are no essential 
boundary conditions (fc = 0), it turns out that the one-sided Beals type condition 
at suffices; sec Theorem 15.11 In other cases, however, we need conditions near 
the boundary of [—1,1]. Conditions at 0, and at —1 or 1, are sufficient if fc = 2 
and A is definite. If A is indefinite, then we also need the condition linking — 1 
and 1. In these cases it suffices to construct W as a block diagonal matrix. This is 
carried out in Theorem 15.21 

The most difficult case is fc = 1 which wc tackle in Section [6l In this case we 
need not only off-diagonal blocks for W, but also a perturbation K of Wu, where 
K is an integral operator whose construction is rather delicate. Our final result 
Theorem 16.11 is as follows. If only one boundary point —1 or 1 appears with A in 
the essential boundary condition, then a Beals type condition at that point and 
at are sufficient. Otherwise we need conditions at both boundary points and at 
0, as well as the condition linking —1 and 1. 

To conclude this introduction wc remark that our conditions simplify dras- 
tically if p is even and r is odd, a case which has been studied by several authors 
[H [T71 [22] . In fact all the conditions that we impose on the boundary are then 
equivalent; see Example 14.31 and Corollary 16.51 



2. Operators associated with the eigenvalue problem 

The maximal operator Saia.x in -^2,r associated with (jl.ip is defined by 

5max : / ^ i{f) li-ipf'Y +qf), / e 2?(5max), 

where 

^?(^max) = Anax = {/ £ ^2,. : /, p/' £ AC[0, 1], £{/) G iz.r}- 

We define the boundary mapping b by 

b(/) = [,/(-i) /(I) {pmf, /emnax). 

and the concomitant matrix Q corresponding to b by 

"0 -1 0' 



Q = i 



1 
10 
0-100 
The significance of Q is captured by the following identity 

J (S'max/5 - /S'maxff)?' = ib(g)*Qb(/), /,5el?max- 

We note that Q = Q"^ 

Throughout, we shall impose the following nondegeneracy and self-adjointncss 
condition on the boundary data. 
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Condition 2.1. The boundary matrices M and N in (|1.2p satisfy the foUowing: 



(1) the 4x4 matrix 



is nonsingular. 



(2) MQM* = NQN* = 0,' 

(3) the 2x2 matrix iMQ^^N* is sclf-adjoint and invertiblc and we define 

A := -i(MQ-iN*)"\ 

Clearly the boundary value problem (jl.ip , (|1.2p will not change if row reduc- 
tion is applied to the coefficient matrix 

[M N] . (2.1) 

In what follows we will assume that the matrix in (j2.ip is row reduced to row 
echelon form (starting the reduction at the bottom right corner). In particular the 
matrix N has the form 

"Ne 

N = 

Ni N„ 

The matrix in the formula for N is fc x 2 with k G {0, 1, 2}. The fc x 2 matrix Ne 
and the (2 — fc) x 2 matrix N„ arc of maximal ranks. 
There are three possible cases for N in (|2.ip : 

(a) N„ is a 2 X 2 identity matrix (so fc = 0), 

(b) Ne and N„ are nonsingular 1x2 (row) matrices (so fc = 1), 

(c) Ne is a 2 X 2 identity matrix (so k = 2). 

In case (a), both boundary conditions in (jl.2p are non-essential, that is both rows 
on the right hand side of (|1.2p contain derivatives. In case (b), the boundary 
condition corresponding to the first row in (|1.2p is essential, that is no derivatives 
appear in this row on the right hand side; the second boundary condition in (|1.2p is 
non-essential. In case (c) , both boundary conditions in p.2p are essential. Evidently 
fc is the number of essential boundary conditions. 

Next we define a Krein space operator associated with the problem (|l.ip . (|1.2p . 
We consider the linear space L2.r © C^, equipped with the inner product 

nl 

fgr + V* Au, /, g G L2,r, u, v G 



-'2,r tf C^, 

space is given by 



Then Ly 



[•,•]) is a Krein space. A fundamental symmetry on this Krein 



J := 



Jo 
sgn(A)_ 

where 2x2 matrix sgn(A) and Jq ; i2,r -^2,r are defined by 

sgn(A) = |AriA and (Jo/)W /W sgn(r(i)), te[-l,l]. 
Then ( • , • ) := [J • , • ] is a positive definite inner product which turns L2.r 



-<2 
'A 



into a Hilbert space (i2,|r 



1A|' 



■ )) . The topology of L2^r ® is defined to 
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be that of i2.|r|ffiC^^|, and a Riesz basis of L2,r( 
image of an orthonormal basis of -/j2,|r| © 



) is defined as a homeomorphic 



We define the operator A in the Krein space L2^r 

f 



Z\ on the domain 



V{A) = 



Nb(/) 



by 



A 



f 5'max / 

Nb(/)J [Mb(/)_ 

Using [51 Theorems 3.3 and 4.1] we see that this operator is definitizable with 
discrete spectrum in the Krein space L2.r © C^. As in [3 Theorem 2.2], we then 
obtain the following, which is our basic tool. 

Theorem 2.2. Let J- (A) denote the form domain of A. Then there exists a Riesz 
basis of L2^r ® Cj^ which consists of root vectors of A if and only if there exists a 
bounded, boundedly invertible, positive operator W in L2,r ffi such that 

WT{A) c T{A). 

In order to apply this result, we need to characterize the form domain Ti^A). 
To this end, let J^max be the set of all functions / in L2.r which are absolutely 
continuous on [—1, 1] and such that ^\yP < +oo. 

By Theorem 4.2], there are three possible cases for the form domain T{^A) 
of A, corresponding to cases (a), (b) and (c) above. 

n 01 



(a) IfN„ 








then 



L 



2.r 



-<2 
'A 



(2.2) 



(b) If Ng = [u v] with u, u G C and |u| 



TiA) 



(c) IfNe 



1 0' 
1 



/ 

ufi^l) + vfil) 
z 

then 



->2 
-A 



^ 0, then 



z e 



T{A) 



./(-I) 
/(I) 



i2,r 



(2.3) 
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To construct an operator W as in Theoreni l2.2l we need to impose conditions 
(to be given in the next two sections) on the coefficients p and r in (|f .f p . In aU 
cases we need Condition 13.51 in a neighborhood of 0, and in some cases we need 
one of two Conditions. l3.7l or l3.81 on r in neighborhoods of —1 or 1. These will be 
discussed in Section [31 In some cases we also need Condition 14.11 connecting the 
boundary points —1 and 1. This is developed in Section |4l 



3. Conditions at 0, —1 and 1 

In this section we recall the remaining concepts and results from [71 Sections 3, 4 
and 5] which we need in this paper. 

A closed interval of non-zero length is said to be a left half-neighborhood of its 
right endpoint and a right half-neighborhood of its left endpoint. Let i be a closed 
subinterval of [—1, 1]. By J?^max(«) we denote the set of all functions / in L2,r(«) 
which are absolutely continuous on i and such that / < +00. With this 

notation we have J^max = -^maxi— 1, !]■ 

Definition 3.1. Let p and r be the coefficients in (|l.ip . Let a,b E [—1, 1] and let 
ha and /if,, respectively, be half- neighborhoods of a and b which arc contained in 
[—1, 1]. We say that the ordered pair (ha, hb) is smoothly connected if there exist 

(a) positive real numbers e and r, 

(b) non-constant affine functions a : [0, e] — > ha and [3 : [0, e] — > hb, 

(c) non-negative real functions p and vj defined on [0, e] 

such that 

(i) a(0) = a and /3(0) = b, 

(ii) p o a and p o [3 are locally integrable on the interval (0, e], 
(in) /9o e J^niax(a([0, e])), 

(iv) 1/t < w < T a.e. on [0,e], 

\r{a{t))\ P{a{t)) 

The numbers a' , [3' (the slopes of a, (3, respectively) and p{0) are called the pa- 
rameters of the smooth connection. 

A broad class of examples satisfying this definition can be given via the 
following one. 

Definition 3.2. Let 1/ and a be real numbers and let ha be a half-neighborhood of 
a. Let g be a function defined on ha- Then g is of order v on ha if there exists 
gi G C^{ha) such that 

g{x) = \x — al^giix) and giix) 7^ 0, x € ha- 



(The absolute value is missing in the corresponding definition in [7]). 
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Example 3.3. Let a, 6 G { — 1, 0, 1}. Let ha and hi, be half-neighborhoods of a and 
b, respectively, and contained in [—1, 1]. For simplicity assume that p = 1. If r in 
(jl.ip has order i' (> —1 to ensure integrability) on both half-neighborhoods ha 
and hh then as noted in U the half-neighborhoods ha and hf, are smoothly con- 
nected. Moreover the parameters of the smooth connection are nonzero numbers. 
We remark that that p can be much more general - see [71 Example 3.4]. 

Theorem 3.4. Let i and j be closed intervals, i,j € {[— 1,0], [0, 1]}. Let a be an 

endpoint of i and let b be an endpoint of j. Denote by ai and bi, respectively, 
the remaining endpoints. Assume that the half-neighborhoods i of a and J of b are 
smoothly connected with parameters a' , f3' and p(0). Then there exists an operator 

S : L2,\r\{i) L2,\r\ij) 

such that the following hold: 

(5-1) S e £(L2,|,|W,L2.kiO)), S* e /:(L2,|.r|(j), ^2,^1 W); 

(5-2) {Sf){x) =:0, \x -bi\ < ^ for all f e L2,lr\{i) and 
{S*g){x) =0, \x-ai\ <^ for all g £ i2,|r|(j); 

(5-3) 5jr„iax(«) C J^max(j)- 5*J^max(j) C .F,nax(«); 

(5-4) For all f G .F,nax(*) and all g G .FmaxC?) we have 

lim (5/)(2/) = |a'| Jun fix), hm iS*g){x) = |/3'|p(0) Hm g{y). 

This is [3 Theorem 3.6]. 

Condition 3.5 (Condition at 0). Let p and r be coefficients in (|l.ip . Denote by /lo- 
a generic left and by /10+ a generic right half-neighborhood of 0. We assume that 
at least one of the four ordered pairs of half-neighborhoods 

(/io-,ft.o-), {ho-,ho+), {ho+,ho-), (/io+,ft.o+), 
is smoothly connected with the connection parameters ctQ,(3Q and po{Q) such that 

K\ ^ I/3Mpo(o). 

We note from Example 13.31 that this condition is automatically satisfied if 
p = I and r is of order v on some half-neighborhood of 0. 

Theorem 3.6. Assume that the coefficients p and r satisfy Condition 13.51 Then 
there exists an operator 

such that the following hold: 

(a) Wq is bounded on i2.|r|/ 

(b) JqWq > I, in particular Wf^^ is bounded and Wq is positive on the Krein 
space L2^r; 

(c) iWof){x) ^ {Jof){x), i<|a;l<l, / G 1.2,^; 

(d) Wo.F,nax C .Finax- 

This is fr, Theorem 4.2]. 
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Condition 3.7 (Condition at —1). Let p and r be coefEcients in We assume 

that a right half neighborhood of —1 is smoothly connected to a right half neigh- 
borhood of —1 with the connection parameters a'_i^l3'_i and /9_i(0) such that 
1/3^1 |P-i(0). 

Condition 3.8 (Condition at 1). Let p and r be coefficients in (|l.ip . We as- 
sume that a left half-neighborhood of 1 is smoothly connected to a left half- 
neighborhood of 1 with the connection parameters a'j^^^P'j^i and p^i{Q) such that 

Kil^l/3;ilp+i(o). 

Again, we note from Example 13.31 that these conditions are automatically 
satisfied if p = 1 and r is of order and Vj^i on some half- neighborhood (in 
[—1,1]) of —1 and 1, respectively. 

The following two propositions appear in [7] as Propositions 5.3 and 5.4, 
respectively. 

Proposition 3.9. Assume that the coefficients p and r satisfy Condition \'S.7[ Let b 

be an arbitrary complex number. Then there exists an operator 

W—i '. L2,r — ^ i2,r 

such that the following hold: 

(a) W-i is bounded on i2,|r|/ 

(b) JqW^i > I, in particular (W^i)^^ is bounded and W^i is positive on the 
Krein space L2^r', 

(c) (V^_i/)(x) = (Jo/)(a;), ~\<x<l, feL2.r; 

(d) W-iTm^^ C ^max[-l, 0] ® ^,„ax[0, 1] ; 

(e) (W^_i/)(-l) = &/(-!) for all f G T^a... 

Proposition 3.10. Assume that the coefficients p and r satisfy Condition \5.8[ Let 

b be an arbitrary complex number. Then there exists an operator 

such that the following hold: 

(a) W+i is bounded on i2,|r|/ 

(b) JqVF+i > /, in particular (W+i)~^ is bounded and W+i is positive on the 
Krein space L2.r; 

(c) (W+i/)(x) = (Jo/)(x), -1 < a; < i, / e L2,r; 

(d) W^+l^max C J^max[-1, 0] © .F,nax[0, 1]; 

(e) (I^+i/)(l) = 6/(1) for all f e T^... 

4. Mixed condition at ±1 and associated operator 

In this section we establish analogues of the above results for a new condition 
involving both endpoints of the interval [—1, 1]. 
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Condition 4.1 (Condition at —1,1). Let p and r be the coefficients in (|l.ip . We 

assume that at least one of the following three conditions is satisfied. 

(A) There are two smooth connections each connecting a right half-neighborhood 
of —1 to a left half- neighbor hood of 1 with the connection parameters a^j, 
/3' ■ and Pmi(O), j = 1, 2, such that 



l/3™l|Pml(0) |/3;„2|Pm2(0) 



^0. 



(4.1) 



(B) There are two smooth connections each connecting a left half-neighborhood of 
1 to a right half- neighborhood of —1 with the connection parameters a^^, (3'^^ 
and pmj(O), i = 1,2, such that (|4.ip holds. 

A right half-neighborhood of —1 is smoothly connected to a left half-neigh- 
borhood of 1 with the connection parameters a'^^i, P'^i and pmi(O), and a left 
half-neighborhood of 1 is smoothly connected to a right half-neighborhood 
of —1 with the connection parameters a'„2,/^m2 ^^d /Om2(0), such that 



(C) 



l/^™2|Pm2(0) 



!/?;„! |p™l(0) 



^0. 



Example 4.2. From Example 13.31 it follows that this condition is satisfied if p = 1 
and r has the same order on a right half-neighborhood of —1 and a left half- 
neighborhood of 1. 

Example 4.3. If p is an even function and r is odd, then it turns out that Con- 
ditions [221 EUl and 3T] arc equivalent. The first equivalence is clear. For the sec- 
ond, assume that Condition 13.81 is satisfied. Let a+i and fij^i be the correspond- 
ing affine functions from Definition 13.11 defined on [0,e]. Now define ami{t) = 
a+i(t), /3,„i(<) = — /3+i(t), t e [0, e), so = p+i. Note that p is locally inte- 
grable on [a+i(e),l) by Definition 13.11 (ii). Then define am2{t) = 1 ^ t,f%n2{t) = 
— l + t,t£[0,l — a+i(e)) and so p„i2 = 1- Then Condition l4.ir B) is satisfied since 
(14.11) takes the form 



ml 



hn2 I 



1 



\PLl\PmliO) Wm2\Pm2iO) \P'+l\p+liO) 1 

which is nonzero by Condition 13.81 The proof of the converse is similar. 



Example 4.4. We call a function g : [—1,1] C nearly odd {nearly even) if there 
exists a positive constant c ^ 1 such that g{—x) — —cg{x) (g(— x) = cg{x)) for 
almost all x € (0, 1]. We note that if p is a nearly even function and r is nearly 
odd, both Conditions 13.51 and 14.11 are satisfied. Also, Conditions 13.71 and 13.81 are 
equivalent. The verification is straightforward. 

Example 4.5. Let p = 1 and r{x) = —1 for x G [—1,0) and r{x) = 1 — a; for x e 
[0, 1]. It is not difficult to verify directly that these functions satisfy Conditions 13. 5( 
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13.71 and [3. 81 but not Condition 14. II In addition notice that r is of order in a right 
half- neighbor hood of —1 and of order 1 in a left half- neighborhood of 1. 

The proof of the following theorem occupies the remainder of this section. 

Theorem 4.6. Assume that the coefficients p and r satisfy Conditions 13.71 13.81 
and 14.11 Let bjk, j,k = 1,2, be arbitrary complex numbers. Then there exists an 
operator 

Wsl : L2,r L2.r 

such that the following hold: 

(a) Wsl is bounded on the Hilbert space L2.\r\; 

(b) Jo Wsl > I , in- particular W"-^ is bounded and Wsi is positive on the Krein 
space L2 r', 

(C) {Wslf){x) = (Jo/)(x), -i < X < i, / G L2.r; 
(d) Wsl^max C J^max[-1, 0] © .F,nax[0, l]/ 

(e) 



\Wslf){-l) 




bii 612 




7(-i)' 


_ iWsif){l) 




^21 ^22 







Proof. We construct Wsi in the form 
where 

Xii X12 
X21 X22 

is a block operator matrix corresponding to the decomposition 

L2.\r\ = L2,|r|(-1,0) ®i2,|r|(0,l). 

We split the proof into three parts. The off-diagonal and diagonal entries of 
Xsi are constructed in the first and second parts, respectively. In the third part 
we establish the stated properties of Wsi- 

1. To construct the off-diagonal operators we treat each case (A), (B), (C) of 
Condition 14.11 separately. 



-1 and 



Case (A). By Theorem 13.41 there exist operators 

5„y :L2,|,|(-l,0)^i2,|,-|(0,l), J = 1,2, 

which satisfy {S^-{S^ in Theorem with i = [-1,0], j = [0, 1], a = 
6=1. In particular, for / G ^max[— 1, 0] and j ~ 1, 2, 

{s^,f)ii) = ia:„^.| /(-I), = w^.iPmm /(i). 

To simplify the formulas we use the following notation 



T := 



l"mll I"m2l 
l/3U|Pml(0) \P'm2\pm2iO) 
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Define 

by 



^21 :L2,|r|(-l,0)^£2,|r|(0,l), 



X21 :— 621 T ^ 



Sml Sm2 
l/3™l|Pml(0) \P'm2\pM0) 



Here and below we write such determinants as abbreviations for corresponding 
linear combinations of operators. For all / G ^max[— 1, 0] we have 



(X2i/)(l) = 62iT-i 



{X;,g)i-l) = b2iT- 



l«;nll/(-l) K2l/(-l) 
l/3™l|Pml(0) |/?;,2|Pm2(0) 

Also for all g G .Fmaxp, 1] we have 

PrnliO) 9(1) |/3;„2|P™2(0).g(l) 
l/5™l|Pml(0) Wm2\Pm2{0) 

Now define the opposite off diagonal corner 

X12 :i2j,-|(0,l) ^I.2,|,.|(-l,0), 

by 



fc2i/(-l). 



= 0. 



X12 := -&12T ^ (-|aj„2l 'S'mi + l«mil 3^2) 
Then for all / G J-"inax[0, 1] we have 

(Xi2/)(-l) = -6i2T-i 
Also 



-612 T-i 



'-'ml '-'m2 



^m2l 



l/3ml|Pml(0)/(l) l/3;„2|Pm2(0)/(l) 



= -&12/(1). 



0. 



Fmll |am2l 

Kil/(-i) K2l/(-i) 

Case (B). By Theorem 13.41 there exist operators 

:L2,|,|(0,l)^L2,|r|(-l,0), J -1,2, 

which satisfy (S'-[T])-(S'-|4l) in Theorem [33] with i = [0,1], j = [-1,0], a = 1 and 
b = —1. In particular, for all / G J^max[0, 1] and j = 1, 2, 

(5„,,/)(-i) |a:„,| /(I), = |/3:„,| Pm,(o) /(-I). 

To simplify the formulas we continue to use the notation 



T := 



IP'mllP^O) \P'm2\pm2iO) 



Vol. 99 (9999) 



Riesz bases of root vectors, 11 



13 



Define 

by 

Then for all / G .Fmax[0, 1] we have 

(^12/)(-l) = -&12T-l 



Xi2 :i2,|r|(0,l)^i2,|,.|(-l,0), 



Kll/(1) K2l/(1) 

and for all g E J^max [—1,0] we have 

l/3™ilPmi(0)5(-l) l/3;^2lP™2(0)ff(-l) 

Now define the opposite off diagonal corner 

X21 :L2,|,|(-l,0)^X2,|r|(0,l), 

by 



(Xr2ff)(l) = -6i2T-i 



= -fol2/(l) 



= 0. 



X2 



Then for all / G .?^max[— 1, 0] we have 



(X2l/)(l) = fe2lT- 



W^2\ 



l/3™l|P™l(0)/(-l) l/3™2|Pm2(0)/(-l) 

and for all g G ^max[0, 1] we have 



= 621 /(-I) 



(X2\.g)(-l) = &2iT- 



= 0. 



I "ml I |am2l 

l"™il.9(l) |am2l5(l) 
Case (C). By Theorem 13.41 there exists an operator 

Sml '■ L2.\r\{-1, 0) — > L2,|r|(0, 1) 

with the properties listed in Case (A) of this proof and there exists an operator 

^m2 :i2,|r|(0,l) -^i2,k|(-l,0) 

with the properties listed in Case (B). 

To simplify the formulas in this part of the proof we use the notation 

Kll l/?m2|Pm2(0) 

T := 



■«m2l 



Define 



Xi2 :L2,|,|(0,1)-.L2,|h(-1:0) 
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by 

Xi2 = ~bi2 T ^ 
Then for all / G ^max[0, 1] we have 
(Xi2/)(-l) = -5i2T-i 



\0l„ 



l/3™2lP™2(0) 



-•7712 



l/3™2|Prn2(0) 



l/3™ilPmi(0)/(l) K2l/(1) 
and for all g G ^max [~ 1 1 0] we have 

(0) 



= -612/(1) 



(^r2.9)(i) 



s„i.g(-l) 0™2(O)5(-1) 



The other off diagonal operator 
is defined as: 



21 — ^m21 



Sn 



m2 



l/3ml|Pml(0) |a™2 



Then for all / G ^max[— 1,0] we have 

, Kii/(-i) i/3;„2ip™2(o)/(-i) 

(X2l/)(l)-62lT-l 

l/3rnllPml(0) |a™2 

and for all g G ^max[0, 1] we have 

\P',nl\ PrnliO) g{l) \a',n2\ 9^^) 



{X;,g){-l) = b2iT-^ 



l/3r'nl|Pml(0) 



hn2 



621 /(-I) 



0. 



We conclude this part of the proof by summarizing that in each of the three 
cases above we have defined operators 

^12 :i2,|r|(0,l)^L2,H(-l,0) and X21 : L2,|r|(-1,0) ^ L2,m(0, 1) 

such that 

^12^max[0, 1] C ^,„ax[-l, 0], X*2^max[-1, 0] C ^max[l, 0], 

-'^21-^max[0, 1] C ^max[— 1,0], -'^21-?^max 1 , 0] C ^max[l,0], 

and for all / G J-maxiO, 1] and g G ^max[— 1,0] we have 

(Xi2/)(-l) = -612/(1), (Xi*2.9)(l) = 0, 

(X*i/)(-l) = 0, (X2i.9)(l) = 62i/(-l). 

This completes the construction of the off-diagonal entries of Xsi. 
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2. To construct the diagonal entries we need two self-adjoint operators Pi,_ and 
Pi^+ defined as follows. Let (j>i : [—1,1] [0,1] be an even function with 4>i G 
C^[~l, 1] and such that 

0i(-l) = l, 0i(a;) = O for < |x| < 1/2, 0i(l) = 1. 

We now define 

:L2,|r|(-l,0)^L2,|r|(-l,0) and : i2,|r|(0, 1) ^ i2,|r|(0, 1) 

by 

(Pi,_/)(z) = /(x)0i(x), /eL2,|,|(-l,0), a;e[-l,0], (4.2) 

and 

(Pi,+/)(x-) = /(x)0i(x), /eL2,|,|(0,l), XG[0,1]. (4.3) 
These operators enjoy the following properties: 

(Pl,_/)(X) -0, /GL2.|r|(-l,0), -i<X<0, 

(Pi,+/)(x) = 0, /ei2,|,.|(0:l). 0<a;<i, 

Pl,-^max[-l, 0] C ^max[-l, 0], Pl, + ^max[0, 1] C .f,„ax[0, 1], 

and 

(Pi,-/)(-l) = /(-I), / e ^,„ax[-l,0], 

(Fl. + /)(1) = /(I), /e^,„ax[0,i]. 

Now we use Condition 13.71 to construct the operator Xu. As in Proposi- 
tion 13.91 Theorem 13.41 implies that there exists an operator S-i : L2,|r|(~liO) ~^ 
^2.|r|(^l7 0) with the properties hsted there. In particular for all / G ^inax[— 1,0] 
we have 

(5_i/)(-l) = \a'_,\fi-l), iSlJ)i-l) = I/3M P-i(O) /(-I). 

Since \a'_i \ ^ \ p-i{0) we can choose complex numbers 71 and 72 such that 

7i|a-il +72 = -bu - 1, 7il^-i|P-i(0) +72 = 1- 
Let Pi__ be the operator defined in (|4.2p . Put 

Xn = 71 S-i +72 Pi,-. 
Then for all / G .Fmax[— 1,0] we have 

(Xn/)(-l) = (-foil - 1) ,/(-l), (^ri/)(-l) = /(-I). 
Note also that 

^ll^max[-l, 0] C .F,nax[-1, 0] and X*i.F,nax [" 1 , 0] C .F„,ax[-1, 0]. 

To construct X22 we use Condition 13.81 By Theorem 13.41 there exists a 
bounded operator 

5+1 :i2,|r|(0,l) ^i2,|H(0,l) 
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such that 

^+l^max[0, 1] C ^max[0, 1], Sl^T^.^Q, 1] C ^max[0, 1], 

and for aU / e J^max[0, 1], 

Since \a'_^_i \ ^ /5+i(0) we can choose complex numbers Si and 62 such that 



Si\a' 



+11 



1, 



(5i|/3;i|p+i(0) + 52 = l. 



Let Pi_+ be the operator defined in (|4.3p . Put 

-^^22 = <5i S'+i + S2 Pl,+ - 

Then for all / G ^max[0, 1] we have 

(^22/)(l) = (&22 - 1) /(I) and = /(I). 

Note also that 

X22^max[0, 1] C ^max[0, 1] and X*2^,„ax[0, 1] C ^max[0, 1]. 



3. Now we formally define Wsi Jo{X*iXsi + 1) where 

Xll Xi2 

X21 X22 



Xsl = 



To complete the proof, we verify the properties of Wsi stated in the theorem. 
Indeed, (a) and (b) are immediate, and since {Xijf){x) = whenever — ^ < a; < ^, 
(c) follows. Moreover, each of the operators Xy maps ^max[— 1, 0] or J^max[0, 1] to 
^max[— 1, 0] or J^max[0, 1] accordiug to its position in the matrix, so (d) holds. 

Finally, we check the effect of the individual components at the boundary 
points —1 and 1. Evidently 



Xsl^ niax ^ max; 

Moreover for /, g G .Fmax we have 



X g-^J' tnax ^ Q 



. (^.l/)(l) 

and 

. Wi.9)(l) 
Substituting g = Xsif G J-^i 



(Xn/)(-l) + (Xi2/)(-l)' 

(X2l/)(1) + (X22/)(1) 



(-611 612/(1) 

62l/(-l) + (622-l)/(l) 



{X:,g){^l) + {X*,g){~l) 
{X*,,g){l) + {Xi,g)(l) 
max, we get 





g(-l) + 0" 




. + .9(l) _ 



'{x:,x,,f)i-i) 
{x:,Xsif){i) 



(-&ii-i)/(-i)-6i2/(iy 

62l/(-l) + (622-l)/(l) 
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. (Ysifm _ 







"6ii -bi2 




7(~i)' 




621 622 







With Ysi = X*^Xsi +1 we have 

-fcii/(-l)-6i2/(iy 
62i/(-l) + 622/(1) 

which proves (c) since Wsi = Jo^si- D 

Remark 4.7. Notice that the operators W-i and W+i from Propositions 13.91 and 
13.101 satisfy 

■(M^_i/)(-iy 

respectively, with arbitrary 6 S C. A stronger conclusion is contained in Theo- 
rem (jlj) under stronger assumptions. 





'b 




7(-i)' 










and 




1 




./(I). 









"-1 o' 




7(-i)' 


_ (vt^+i/)(i) . 




b 







5. Two essential or two non-essential boundary conditions 

The first theorem of this section deals with the case of two non-essential boundary 
conditions. 

Theorem 5.1. Assume that the following two conditions are satisfied. 

(a) N„ = [J J . 

(b) The coefficients p and r satisfy Condition VS.bl 

Then there is a basis for each root subspace of A, so that the union of all these 
bases is a Riesz basis of L2,\r\ ffiC|A|- 

Proof. By (|2.2p . the form domain of A is given as 

^2,1- 

e ® : / e J^max, V G C 



HA) 



f 



■^2 
-A 



Recalling Wq from Theorem 13.61 we easily see that the operator 



W 



Wo 








^2 

-A 



12 
-A 



is bounded, boimdedly invertible and positive in the Krein space L2,r ffi C^. A 
simple verification shows that W J- (A) C J- (A) so the theorem follows from The- 
orem [O □ 



We now consider the case of two essential conditions. 

Theorem 5.2. Assume that the following three conditions are satisfied. 
ri 01 



(a) N, 



1 



(b) The coefficients p and r satisfy Condition \'S.5\ 
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(c) One of the following holds: 

(i) A > and the coefficients p and r satisfy Condition 13.71 

(ii) A < and the coefficients p and r satisfy Condition 13.81 

(iii) the coefficients p and r satisfy Conditions YS.ll [3.81 and H.W 

Then there is a basis for each root subspace of A, so that the union of all these 
bases is a Riesz basis of L2.\r\ ©C|a|- 

Proof. Define the following two Krein spaces: 

A^O L2^r{~^, 5) , 1^1 ■= -^2,r( — 1, ^ 5 ) [+] L2^r ( 5 , !)• 

Extending functions in ICq and /Ci by zero, we consider the spaces JCq and /Ci as 
subspaces of L2,r- Then 

L2.,r = ICq[+]ICi. 

As in the previous proof our goal is to construct W : L2,r ffi — > L2,r ® C^. 
The first step is to define Wqi : L2^r — > i2,r- We proceed by considering each case 
in (c) separately. 

(i) Let Wq be the operator constructed in Theorem 13.61 and let W-i be the oper- 
ator constructed in Proposition 13.91 with 6=1. Property (jg) in Theorem 13.61 and 
Proposition 13.91 imply that JCq and /Ci are invariant under Wq and W-i. Since we 
chose 6 = 1, we have (M^_i/)(-l) = /(-I) and (iy_i/)(l) = /(I). Define 

Woi:=Wo\,J+]W.^\^^. (5.1) 

Since Wq and W^i are bounded, boundedly invcrtiblc and positive in the Krein 
space L2,r, so is the the operator Wqi- Also, VFoi^max C J-max and 



'(Woif){-l) 




7(-i)' 


_ (W^oi/)(l) . 







(5.2) 



(ii) Instead of W-i in (i), we use the operator W+i constructed in Proposition l3.10l 
with 6 = — 1. Redefining the operator Wqi as 

W^oi :=M^oLJ+]M^+iL,. (5.3) 

we see that it is again bounded, boundedly invertible, and positive in the Krein 
space i2,r, WoiJ^max C Tmux and (since we use b = —1) 



"(W^oi/)(-l)' 




7(-i)" 


. (W^oi/)(l) . 




. /(I) . 



(5.4) 



(iii) This time we replace W^i from (i) by Wsi from Theorem 14.61 so we define 
the operator 

Woi:=Wo\,^^[+]WsiL,, (5.5) 
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which is again bounded, boundedly invertible and positive in the Krein space L2,i 

Also, Woi^^^max C J^max and 







= 


7(-i)' 










Finally we define W 




L2,r ® 


Ci by 




'Wol 0" 




W = 






/ 





in case (c)(i), 



in case (c)(ii), and 



W 



W : 



Wol 


Wol 






A-1 



(5.6) 



(5.7) 



(5.8) 



(5.9) 



in case (c)(iii). 

By (|2.3p . the form domain of A is 



f 



••2 
-A 



/(-I) 
/(I) 

A straightforward verification shows that in each case (|5.7p . (|5.8p . and (|5.9p . W is 
a bounded, boundedly invertible, positive operator in the Krein space L2,r 93 C^. 
Moreover W T{A) C J^(A) via JEll) or dSj]). Now the theorem follows from 

Theorem [221 □ 



Example 5.3. Consider the eigenvalue problem 

-/" = Ar/ 
/'(l) = A/(-l) 
-/'(-1) = A/(1), 

where r{x) = sgnx,x G [—1,1], as in our example in the Introduction. Then 
, giving (a) in Theorem 15.21 and (b) follows from the note 



1 



clearly Np 



after Condition 13.51 Moreover, an easy computation gives A 



1 

1 



which is 



indefinite. Condition (c) now follows from Examples 14.21 and 14.31 so Theorem 15.21 
applies. 

On the other hand, if instead we take r as in Example 14.51 then as we have 
seen, Condition 14.11 fails and hence so does (c) (iii) in Theorem 15.21 Therefore 
Theorem 15.21 gives no conclusion about a Riesz basis for this amended case. 
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6. One essential and one non-essential boundary condition 



The main result of this section is the following theorem. Its proof will occupy the 
most of the section and then we will proceed to some examples. 

Theorem 6.1. Assume that the following three conditions are satisfied. 



(a) N 



u V 


o' 




It V 


o" 






or N = 






* * * 


1 




* * 1 






, where |up + |wp > and the 



asterisks stand for arbitrary complex numbers. 

(b) The coefficients p and r satisfy Condition \3.5[ 

(c) One of the following holds. 

(i) u = l,v = and the coefficients p and r satisfy Condition \3.7[ 

(ii) M = 0, u = 1 and the coefficients p and r satisfy Condition \3.8[ 

(iii) uv and the coefficients p and r satisfy Conditions \3. 71 13.81 and lA.ll 
Then there is a basis for each root subspace of A, so that the union of all these 
bases is a Riesz basis of L2.\r\ ©C|a|- 

Proof. It follows from (jaj) that the form domain of A is 

TiA) = I uf{-l) + vf{l) e ® : / e .f,„ax, zee}. (6.1) 



-■2 
-A 



It is no restriction if we scale the first boundary condition so that 



= 1. 



(6.2) 



-2 
-A 



L 



2,r 



(6.3) 
(6.4) 
(6.5) 



As in the previous proofs we shall construct W : L2.r © 
blocks. We divide the proof into three parts and two lemmas. 

1. First we define a bounded operator Wqi : -^2,^ ^ ^2,7- such that 

JoWoi > I, 

u{Woif)i-l) + l'(Woi/)(l) =0, / G .F,„ax. 

We distinguish the three cases in (c) above. 

(i) As in the proof of Theorem 15. 2f i). we define Wqi by (|5.ip . but now using 6 = 
instead of = 1. Then Wqi is a bounded operator in the Krein space L2^r, and it 
satisfies (HH) and (Woi/)(-l) = 0, (VFoi/)(l) = /(I) and hence ([13]). Inequality 
(jO)) follows from Theorem E!® and Proposition EH|b|. 

(ii) This time we define Wqi by (|5.3p . but now using 6 = instead of 6 = — 1. 
Then Wqi is a bounded operator in the Krein space L2,r, it satisfies (|6.4p and 
(Woi/)(-l) = -/(-I), iWaif){l) = and hence ([SSll.'ln this case inequality 
(lO]) follows from jSSl), Theorem [33© and Proposition [3T0l|b| . 

(iii) We now define Wqi as in the proof of Theorem 15. 2r iii). but instead of using 



A in l5.6l we use the zero 2x2 matrix 0. Then Wqi is a bounded operator in the 
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Krein space ^2,^, it satisfies (|6.4p and (Woi/)(— 1) = 0, (Woi/)(l) = and hence 
Inequality follows from ([^3)1 . Theorem and Theorem BIBl (|b)) . 



2. Next we define an integral operator K which will be a perturbation of Wqi- 
2.1. We start by writing the inverse of the matrix A in the form 



mi m2 

Vl2 V22 



and setting ry := max{|ryii|, |?7i2|} > 0, with 52 > <5i > as the eigenvalues of |A|. 
We also define three positive constants 

S2 



Notice that 



1 - K 



l + 2||r||i,52r,2' 
a Si 

2Wlklli 

l + 2||r||i52ry2 ' 
1 



2aTf\\r\\, 



a 



l + 2||r||i52??2 



2.2. Since r is integrable over [—1, 1], we there exists 7 £ [0, 1) such that 



r < 



c 

\ar] 



(6.6) 
(6.7) 

(6.8) 
(6.9) 



Noting that p^^/^ 6 ^2(0, 1) C Li{0, 1) we can define 



e[0,i]. 



Extending (j) as an even function over [—1, 1] we see that £ .F,„ax- Since (/)(1) is a 
positive real number, we define i/j — (j)/(f>{l). Clearly ip : [—1, 1] [0, 1] is an even 
function in .Fmax such that 



V;(-l) = l, V(0) = 0, V^(l) = l, 



and, by 



2.3. Define 



2,|r 



< 



?/>j(x) 



ar]ijUip{x), a::e[— 1,0), 
arjijv Tpi^x), X e [0, 1]. 



(6.10) 
(6.11) 

(6.12) 



Since ip S .T^max and V'(O) — 0, the functions -01 and ^2 belong to J-max- Set 



U){x) := r]ii ipiix) + 7712 ip2{x), x G [-1, 1], 
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and define k : [-1, 1] x [-1, 1] ^ C by 



uLu{x) if t < ~\x\, 
= ;>l^|' (6.13) 

VLl![X) if t > \X\, 

^uu!{t) if X < — 

By tfie definitions of '4'i,il'2 and to, since ip is a nonnegative even function, for all 
X e [0, 1] we liave 



uLj{~x), vuj{x) eR, and v uj{—x) = uuj{x). (6-14) 

Since uj is continuous, it follows from (|6.14p and (|6.13p that fc is a continuous 
function. Moreover, by (|6.2p and (|6.12p . 

CL;(t)| < rjija + rjrja = 2ri^a. 

Therefore ()6.7|1 shows that 

\k{x,t)\ <2f^' a ^-r^. (6.15) 

rill 

The first of our two lemmas is as follows. 
Lemma 6.2. Let K : L2,r ^ i2.r be the integral operator defined by 

{Kf){x) j ^ k{x, t) fit) r{t) dt, f G ia.r- 

Then 

(I) The operator K is bounded and self-adjoint on L2,r and ||i^||2,|i | ^ 
(II) The range of K is contained in .Fmax- 

Proof. (I) We first note that for / in L2,r the function fr is integrable on (—1, 1). 
In fact 

\fr\= 

.1 N 1/2 / ,1 X 1/2 (^-l*^) 



For / e i2,|r| we calculate 

|2 



< 



II^/II1m< / , / \kix,t)\\fit)\\rit)\dt J Jkix,s)\\fis)\\ris)\ds\rix)\dx 

f\\r\) \r{x)\dx < K\\f\\l^^^, 



HI? j-i v-i 



by virtue of (|6.15p and (|6.16[) . Thus ||i^||2.|r| < so K is bounded, and self- 
adjointness follows from (|6.13p since k{x,t) ~ k{t,x), x,t E [—1,1]. 
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(II) Let / e 1/2, r- By definition, for —1 < a: < 0, 

(.fr){t)dt + uj {ujfr){t)dt + v'^x) / {fr){t)dt 

and, for < x < 1, 



{Kf){x) = ULo{x) / {fr){t)dt + v {Lofr){t)dt + vuj{x) / {fr){t)dt. 

J-l J-x Jx 

The function fr is integrable on (—1, 1) by (|6.16p . Since oj G ^max the function 
(jjfr is also integrable on (—1, 1). Moreover, 

lim(A7)(x) = lim{Kf)ix) = (A7)(0) = 0. 

xJO xlO 

Therefore for each / e 1^2, |r| the function Kf is absolutely continuous on [—1, 1]. 
For almost all a; G [—1,0), we have 

{Kfy{x)=uuf{x) [ {fr)[t)dt + vuo'{x) f {.fr){i)dt 



+ uui{x) {fr){x) — ULu{x) (/r)(a;) — uu!{~x) (/r)(— x) + vuj{x) (/r)(— x), 
and, for almost all x G (0, 1], 

{Kfy{x)^uZj'{x) J ^ {fr){t)dt + VLo'{x) {Ir){t)dt 



— uu!{x) {fr){—x) + Vbj{—x) (/r)(— x) + vui{x) {^fr^{x) — vui{x) {fr){x). 

By (|6.14|) the terms not involving integrals in the above two equations cancel in 
pairs. Thus Kf G Tmax for all / G i2,|rj since w G ^max- This completes the proof 
of the lemma. 

3. We create off-diagonal blocks for W by means of the operator Z 
which we define by 



-■2 
'A 



□ 
L2,r 



Za := ai V'l + 02 V'2, a: 



G 



The adjoint Z^*! : L2,r ^ of Z is given by 



2,r- 



Equalities (pTll) and (lO^ yield H'l/'i ||2,|r| < c and ||V'2||2,|r| < c. Therefore 

\Ze.\'\r\<2{\a,\'\\Mlir\ + \a2\'\\Mhrl) 



< 2cVa< 2— a*|A|a. 

<5l 
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Consequently, by (|6.6p . 



1^11 = \\Z^' 



< c 



Si 262 



(6.17) 



The second lemma we need is as follows. 

-L2 
Woi+K Z 



Lemma 6.3. Let the operator W : L2,r w 1^]^ — » ^2,r 



be defined by 



W 



z[* 



a 1 



Then 

(I) W is bounded and uniformly positive on L2^r © C^. 
(II) WT{A)cT{A). 

Proof. (I) The operator W is bounded since each of its components is bounded. 
To prove that W is uniformly positive, we shall show that the operator JW is 
uniformly positive in the Hilbcrt space i2,|i-| © *^fA|- From Lemma [6.2[ ||A'|| ~ 
\\JK\\ < K and 



Z 

Z[*] 



J 



Z 

z\*\ 



< 



2b2 



follows from ((6T7l) . Thus 
JW 







7" 


a 




a 



JoVt^oi 
a|A| 

JqK 0' 








./ 




/ 


-1 




a 




a 




/ 




/ 


) 




a 


7 


a 





J 



z 

Z(*) 



( JoVKoi/, f)+a a*a + {J^Kf, f) + 

((/,/)+ a* I A|a) 





/ 




/ 




a 




a 



>(/,/) + fa* I A|a-^(/,/) " 
02 



> 1 - K 



2^^ 



(/,/) 

(/,/) + 
((/,/) +a*|A|a) 



a a 

82 252 
a 

26^ 

a 

252 



252 



252 
a a 
52 252 

■a*|A|a 



a*|A|a 



(by 







7" 


a 


5 


a 



as required. 

(II) We start with the identity 

u(A7)(-l) + z;(i^/)(l) = r?n[/,^i]+?7i2[/,^2], / G i2,|,.|, (6.18) 
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which foUows from the calculation 
u{Kf){-l) + v{Kf){l) 



u / k{~l,t) f{t)r{t)dt + v / k{l,t) f{t)r{t)dt 



-1 
1 



^uj ^TjniJ,{t)+Tji2i^2{t)) f{t)r{t)dt 

+ ^J^ Hviii^i (t) + ??12?2 (t)) fit) r{t) dt 

= \u\^'nii[I.i^i] + l"P^i2[/, V'2] + |wp'7ii[/,'0i] + |wp?n2[/, V'2 

= ?7ll[/.V'l] + '7l2[/,V'2]- 

By (j6.ip . the general clement of J-{A) takes the form 

/ 

+«/(!) 



where / G ^max and z g C. Applying to this vector we obtain 



where 

by (|6.4p and Lemma [621 Thus to prove that w G ^(^), it is enough to show that 
ug{-l) + vg{l) = [/,'0i]+?/i2 [/, V-'2]+Q!'7ii + +« ??12 ^- (6.19) 

To this end we calculate 

ug{-l) - u {iWoif){-l) + {Kf){-1) + {uf{-l) + vf{l)) V.i(-1) + z V2(-l)) 

= « (W^oi/)(-l) + u {Kf)[-1) + a \u\^T^i^ (u/(-l) + z;/(l)) + a \u\^ 7/12 z 

from (jgrUl) and ((O^ . Similarly 

vg{l) = V ((W^oi/)(l) + (A7)(l) + {uf{-l) + «/(!)) ^>i(l) + z ^2(1)) 

= V (Woi/)(l) + V (A7)(l) + a \v\^ 7?n (u/(-l) + «/(!)) + a\v\^ 7712 z. 

Adding and using (p3)) . and (p?^ . we obtain (pl^ . This completes the 

proof of the lemma. □ 

The theorem now follows from Theorem 12.21 and Lemma 16.31 



□ 

We now specialize Theorems 15 . 1 [ [5^ and ISTT] to some of our earlier examples. 
First we consider Example 13.31 (cf. Example 14. 2p . 
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Corollary 6.4. Assume that p = 1 and r is of order i/q > —I on a half-neighborhood 
ofO, and of order vi > —1 on both a right half-neighborhood of —1 and a left half- 
neighborhood of 1 . Then there is a basis for each root subspace of A, so that the 
union of all these bases is a Riesz basis of L2^\r\ © C|a|- 

Now we consider Examples 14.31 and 14.41 

Corollary 6.5. Assume that p is even, r is odd and that Condition VS. 5\ holds. If 
k = or Condition \'S.7\ holds, then there is a basis for each root subspace of A, so 
that the union of all these bases is a Riesz basis of L2,\r\ © 

As a simple illustration of this corollary we could consider the eigenvalue 
problem stated in Example 15.31 but with r odd and of order vq at and i^i at 1 
(and hence of order vi at —1, since r is odd). 

Corollary 6.6. Assume that p is nearly even and r is nearly odd. If k = or 
Condition \i.7\ holds, then there is a basis for each root subspace of A, so that the 
union of all these bases is a Riesz basis of L2,\r\ © C|a|- 
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